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ABSTRACT. Let k denote an algebraically closed field of characteristic zero and
let X denote a smooth elliptic curve over k. Given a three-periodic elliptic
helix € of vector bundles over X with endomorphism Z-algebra End £ and
quadratic cover S"¢(£), we prove that End £ is the quotient of S™¢(£) by a
degree three family of normal elements, generalizing [10, Theorem 1.2(4)] to
the case in which dim End §m+1 isn’t a constant function of 7. We then show
that End £ is noetherian if and only if it has polynomial growth, and in this
case, the ranks of any three consecutive bundles in the helix are a Markov
triple. Furthermore, in this case S™¢(£) is a noetherian GK-three Z-algebra
which is Proj-equivalent to an elliptic algebra. We conclude the paper by
constructing several new families of elliptic helices with exponential growth.

Throughout this paper, we let k£ denote an algebraically closed field of charac-
teristic zero and we let X denote a smooth elliptic curve over k.

1. INTRODUCTION

In the classic paper [3], Artin-Tate-Van den Bergh studied regular algebras asso-
ciated to an elliptic curve X as noncommutative analogues of the polynomial ring in
three variables and hence, also noncommutative planes. One way to interpret their
construction is that they embed X “noncommutatively” by replacing the degree
three polarizing line bundle with an invertible bimodule £. This gives a noncom-
mutative homogeneous coordinate ring, and taking the quadratic cover (that is,
retaining only quadratic relations), one obtains a regular algebra. Such algebras
have an associated division ring of fractions, which has transcendence degree two,
and Artin conjectured in [2], that the only other such division rings are those which
are Ore extensions of transcendence degree one fields and those which are finite
over their centre.

Inspired by [12], in which the notion of a helix of coherent sheaves over P2,
i.e. a planar helix, was defined and studied in order to classify strongly exceptional
collections of vector bundles over P2 of length three, Bondal and Polishchuk replaced
the powers £2 of £ by a sequence of line bundles £ = (&;);ez satisfying a three-
periodic helical condition [7] (see Definition 3.3). A new feature that occurs is that
the graded homogeneous coordinate ring is now replaced by the endomorphism ring
End€ = B = &B,;, B;; := Homx(£_;,&_;) which is no longer a graded algebra,
but rather is a Z-algebra.

In [9] and [10], we further generalised Bondal and Polishchuk’s work to certain
helices of vector bundles over X. One constraining feature in these papers was that
the algebras constructed were all equigenerated in the sense that all the Hilbert
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series Hp ,, = ) dimy, B,wHti were identical for all n. In this work, we study the
non-equigenerated case in detail.

Key to the analysis is a computation of the Hilbert series, of which there are
now three (see Theorem 6.3):

Theorem 1.1. Let £ be an elliptic helixz of vector bundles on X, B = End & and
S = S"¢(€) its quadratic cover. Then the Hilbert series are 3-periodic in the sense
that Hp py3 = Hp pn, Hs 43 = Hs,,. Furthermore,

- Hs,ogtg i HB,OEt; [l
1-1 Hsi(t) | === |1 and | Hpi(t) | = —=—
szQ(t) D) \4 Hzg(t) D) \4

where D(t) is the 3 X 3-matriz given in (6-5) of Theorem 6.5.

It follows from [7] that S is Artin-Schelter regular of global dimension three (see
Theorem 3.7), and from our earlier work [10], that End £ is the quotient of S by
a degree 3 family of normal elements (see Corollary 6.5). This generalises the fact
that elliptic curves embed as a cubic divisor in P? as well as Artin-Tate-Van den
Bergh’s analogous noncommutative graded result.

Our general setup raises the possibility of generating counter-examples to Artin’s
conjecture. Towards this end, we examine the noetherian case where one can form
rings of fractions. Before describing our main result, we recall that a Markov triple
is a three-tuple (mq,ma, m3) of positive integers such that

2 2 2
mi +m5 + m3 = 3mymams.

We also recall (for later use) that there is a correspondence between Markov triples
and positive integer solutions of

(1-2) 22+ + 2% = xyz
defined by multiplication by 3 [1, Proposition 2.2].
Our main result is a classification of three periodic elliptic helices £ such that

End £ is noetherian. We accomplish this in Proposition 6.4, Corollary 8.2 and
Corollary 9.3 as follows:

Theorem 1.2. Let £ denote a three-periodic elliptic heliz. Then End £ is noether-
ian if and only if it has polynomial growth. Furthermore, in this case, ro := rk &y,
r1 =1k &1, 19 := 1k E form a Markov triple, that is, r3 + 1} + 13 = 3rorire and

dim Hom(&;, &) = 19, dimHom(&,, &) = 71, dimHom(&y, &) = ra.

Lastly, S™¢(£) is a noetherian GK-dimension three Z-algebra, which is Proj-equivalent
to an elliptic algebra.

In particular, we do not find a counterexample to Artin’s conjecture. The ap-
pearance of Markov triples is, in retrospect, not surprising, since mutation of the
foundations of a helix yields another helix (see [12]). For essentially the same reason,
Markov numbers appear in [19].

We are also able to analyze the planar helices from [12] using our techniques. In
particular, we prove, in Section 4, that all planar helices are ample and restrict to
elliptic helices. However, the elliptic helices that arise in this manner correspond
to the usual embedding of an elliptic curve in P2.

Our final task is to generate further examples of elliptic helices £ of vector

bundles with exponential growth. The helix is completely determined, through
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a recursive procedure, by the seed or foundation (£y,E&1,&2) which is a triple of
stable bundles of increasing slope. However, not all such triples give rise to elliptic
helices and determining which ones do involves a priori checking that an infinite
number of recursively defined objects in the derived category are actually bundles.
In Proposition 10.2, we give a relatively effective sufficient criterion for a seed to
generate an elliptic helix. It is in terms of the numerical seed ([Eo], [£1], [E2]) where
[€] := (dig(fgg))) It is strong enough to generate the following elliptic helices.

Proposition 1.3. Consider one of the following numerical seeds:
(1) ((_TO_”_“), (O), (T°+r2+a)) for some a,ro,r2 € Z>1 such that ro, 72 > a +

70 1 T2
1, 7o +7r2 >a?+a+ 1 and, of course ged(rg +ro +a,r;) =1 fori=0,2,
OR
(2) ((Qi;a_;l), (?), (g)) where a,d,r € N are chosen so that ged(d + a + 1,d +
a—r)=1=ged(d,r). Suppose further that d > (a +1)(2r +1) +4 and
min{d+a —r,r} > 2.

In either case, we obtain an elliptic helix with that numerical seed.

Notation and conventions: Throughout, C will denote a k-linear, Hom-finite abelian
category. We will often write (A, B) for Ext{ (A, B), and we will let CohY (resp.
QcohY") denote the category of coherent (resp. quasicoherent) sheaves over a variety
Y. If D and E are categories, we will write D = E if there is an equivalence of
categories between D and E.

2. BASIC NOTIONS FROM NONCOMMUTATIVE ALGEBRAIC GEOMETRY

We will show that planar helices and elliptic helices “of Markov type” are ample
in Lemma 4.2 and Theorem 8.1, respectively. We will use this fact to prove that
the algebras associated to a helix £, S™¢(£) and End(£), are noetherian. For the
readers convenience, we recall the relevant results from noncommutative algebraic
geometry (in the Z-algebra context) here.

The definition of ampleness we will need is (superficially) distinct from that in
[16], as our indexing conventions are different. We let £ = (&;);ez denote a sequence
of objects in C such that Hom(¢&;, &;) = k.

We call £

e projective if for every epimorphism f : M — N in C there exists an integer
n such that Homc(E_;, f) is surjective for all ¢ > n, and

e ample for C if it is projective, and if for every M € C and every m € Z
there exists a surjection

é g—ij — M
j=1

for some i1, ...,%, with ¢; > m for all j.
The significance of this concept for us is that ample sequences for C yield homo-
geneous coordinate rings of C [16, Theorem 2.4]. In order to recall this result (in
Theorem 2.1), we remind the reader of some terminology from noncommutative
algebraic geometry. Suppose C' is a positively graded, connected, locally finite Z-
algebra. We let GrC denote the category of graded right C-modules. A graded right
C-module M is right bounded if M,, = 0 for all n >> 0. We let TorsC' denote the
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full subcategory of GrC' consisting of modules whose elements m have the property
that the right C-module generated by m is right bounded. If TorsC' is a localizing
subcategory of GrC, which occurs, for example, if C' is generated in degree one,
then we may form the quotient GrC'/TorsC =: ProjC.

We let P, := @j Ci; = e;C where e; denotes the unit in the ring Cj;. We say
that M € GrC is finitely generated if there is a surjection P — M where P is a finite
direct sum of modules of the form P;. We say M is coherent if it is finitely generated
and if for every homomorphism f : P — M with P a finite direct sum of P;’s, ker f
is finitely generated. We denote the full subcategory of GrC' consisting of coherent
modules by cohC. By [16, Proposition 1.1], cohC' is an abelian subcategory of GrC'
closed under extensions.

We let torsC' denote the full subcategory of cohC' consisting of right-bounded
modules. One can check that this is a Serre subcategory of cohC. If C' is graded
coherent, we define

projC' := cohC'/torsC,

which is abelian.
We will need the following version of [16, Proposition 2.3(ii) and Theorem 2.4]
and [5, Theorem 4.5]. In the statement, we use the notation Cxo := ,; Cij;-

Theorem 2.1. If £ is an ample sequence then End(E)>o is right coherent, and
there is an equivalence

C = proj End (&) >o.

If furthermore, the category C is noetherian, then End(E)>¢ is right noetherian.

Proof. The coherence of A := End(£)>¢ [16, Proposition 2.3(ii)] whilst the category
equivalence is [16, Theorem 2.4]. We now assume that C is noetherian and show A
is right noetherian. To this end, let {I;};en be an increasing chain of submodules
of e;A. By the category equivalence and the fact that C is noetherian, this chain
stabilises in proj A so we may as well assume that I;;1/I; is torsion for all j and
they all correspond to some subobject J < £_;. To the exact sequence

0—=>J—=E;,—E&,;/]J—0,

we apply the left exact functor I's; = ®,<_; Homc(E,, —) to obtain the exact
sequence of A-modules

0— FZZ‘J — eiA — FZZ‘(S,Z'/J).

From the lemma below, we know that I's;J is saturated in e; A so I's;J contains
every I; and the quotient is torsion. Also, I's;J is coherent and in particular,
finitely generated by [16, Proposition 2.3] so I's;J/Ij is finite dimensional as a
k-space and the chain {I;} must stabilise. O

Lemma 2.2. If £ is an ample sequence in C then I'>; X is torsion-free for every
XeC

Proof. Consider 0 # ¢ € Homc(&;,X) € I'>; X for some j < —i. By ampleness,
given any m < j we can find ji,...,7 < m and a surjection ¥: @, &; — &; so
poW #£ 0. It follows that there is a component 1: £;, — &; of ¥ such that ¢ow) # 0
so I'>; X is indeed torsion-free. O
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We next examine left finiteness conditions on End(£)>¢. To this end, we recall
(from [15]) that if C is a Z-algebra, then the opposite Z-algebra of C' is the algebra
denoted C° and with Cf; := C_; _;, and with multiplication defined as follows: for
a’ € C;k =C_p_;,b% € C{’j =C_j_, b°a® = ab € C_y_; = C5,. We also note
that, by [15, Proposition 2.2], the category of graded right C°-modules is equivalent
to the category of graded left C-modules. In the next result, we will invoke the
term duality on C, by which we mean a k-linear contravariant functor D : C — C
such that D? 2 idc.

Proposition 2.3. Suppose D is a duality on C, and let £ be an ample sequence
on C. Let D(E) denote the sequence of objects with D(E); := D(E_;). If D(E) is
ample, then End(E)>o is left and right coherent. Furthermore, if C is noetherian
then End(€)>¢ is left and right noetherian.

Proof. We claim that if £ := End(£) >0, then E° = End(D(£))>o. From the claim,
it will follow that since D(E) is ample, E° is right coherent by Theorem 2.1. Thus,
E is left coherent. Similarly, if C is noetherian and D(E) is ample, then by the
second part of Theorem 2.1, E° is right noetherian, so that F is left noetherian as
desired.

It remains to prove the claim. To do so, we note that for each ¢, j there is an
isomorphism

B = E-ji = (£,€;) = (D(&;), D(E)) = (D(E)—j, D(E)-s) = End(D(E))s5.

In addition, the above assignment is compatible with multiplication by functoriality
and contravariance of D. (I

We will also need the following Z-algebra version of [3, Lemma 8.2]. The state-
ment uses the notion of normal family of elements, which is defined in [10, Definition
8.6].

Proposition 2.4. Let C' be a positively graded, connected locally finite Z-algebra
and x = {x; € ¢,C}icz be a family of positive degree normal elements. If C/(x) is
right noetherian, then so is C.

Proof. We present here the classic proof of Hilbert’s basis theorem adapted to this
setting. To simplify notation, we will use " to denote an appropriate legal product
of n of the x;’s. The choice of which n-fold product should be clear from the context.
For example, if ¢ € Cj;, then the left-most x in cz™ lies in e;C.
We show that any submodule I < ¢;C is finitely generated. Consider the “z-
saturation”
I={ceceClex € I,N > 0}.

Normality of 2 ensures that I is a submodule of e;C. Now e;C /e;xC' is noetherian

so we can find generators ai, ..., a, for I modulo e;zC. Pick l1,...,l,, € N so that
arrh, .. ayxl» € I and let | = max{l;}. Let by,...,b, € I be generators for I
modulo e;z!C.

We complete the proof by showing that a} := a12',... a!, :== a,z!",by,... by

generate I. Let ¢ € INe;z"C. It suffices by induction to find ¢’ € I'Ne;z"TC such
that ¢ — ¢’ is a C- linear combination of the a, b; since the bidegree of ¢ and ¢’ are
fixed. If n < [, then it suffices to use a linear combination of the b;’s. If n > [, we
write ¢ = ¢’’z™ where ¢’ € I so we can write ¢’ = Y a;¢; + ¢’z. Using normality
of x, we are done. O



6 D. CHAN AND A. NYMAN

3. HELICES

The main focus of this paper is the study of helices. In this section, we collect
the relevant definitions of the term “helix” we will need. In particular, we define
weak helices, and recall the notions of elliptic helices and planar helices, from [7,
Section 7] and [12], respectively. In the next section, we relate the latter two
notions.

3.1. Weak helices. We first define the notion of ”weak helix”, which is a gener-
alization of the other notions of helix we will study. To this end, let V' be a finite
dimensional k-space and M € C.

Definition 3.1. Since C has finite direct sums, there exists an object V ®; M € C
such that

Hom¢(V ® M, —) = V* @, Homc(M, —).
It is unique up to canonical isomorphism.

This definition has some advantages over a similar definition given in [4] such
as the following. Suppose £ € C and let V' = Hom¢(M, £). There is a canonical
element

1 € End, V 2 V* @), Homc(M, £)
which by Definition 3.1 gives the evaluation map

Hom(M, £) @5 M — L.

Definition 3.2. An ordered pair (£, F) of objects in C is said to be left mutable if
J(&,F) =0 for j # 0 and furthermore the evaluation map

e: Hom(E, F) @& - F

is surjective. In this case we define the left mutation LeF := kere. We also say F
left mutates through £ in C.

The right-handed versions are defined similarly. Explicitily, the pair (£, F) is
right mutable if (€, F) = 0 for j # 0 and furthermore the coevaluation map

n: & — *Hom(E, F) @ F
is injective. In this case we define the right mutation RrE := cok.

For the rest of this section, we assume we have a sequence £ = (&;);ecz of objects
in C such that A; := dimHom(&;_1,&;) # 0. Suppose, for all ¢ € Z:
(1) the pair (&;,&;+1) is right mutable,
(2) the pair (Reg,,, &, Eiq2) is right mutable and Re,,, Re,,, & = Eiys,
(3) * HOIH(RgiJrng', €i+2) = Hom(&-+2, gi+3)~

Definition 3.3. Sequences £ satisfying (1) and (2) above will be called weak helices
of period three, three-periodic weak helices, or just weak helices. We will also say
that £ is three-helical in this case.

By property (1), there is an exact sequence
0—& — * Hom(&, gi—i—l) ® 5¢+1 — R£7¢+15i — 0,
and by (2), there is an exact sequence

0— Re.. & — * HOIII(Rgi+1<€i, €i+2) X 51'4,.2 — 51‘4_3 — 0.

i+1
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Splicing these sequences together and utilizing (3) yields an exact sequence
(3-1)

00— 52 — HOI’H(Si7 57;+1) ® giJrl — HOm(gZ‘+2, €i+3) ® gi+2 — gi+3 — 0.
Note that condition (3) above essentially means that R, & ~ Lg
is a symmetry between left and right mutations.

.2&iy3 s0 there

3.2. Elliptic helices. We now define elliptic helices. We will study this concept
in more depth in Sections 5, 6, 7 and 8.

Definition 3.4. An object £ € Cis elliptically exceptionalifi) 7 (£,£) = k for j = 0,1
and is zero otherwise and ii) for any F € C, the natural pairing

UEF)@ H(F.E) = (&8 =k
is non-degenerate.

It follows (see [10, Section 6]) that a coherent sheaf £ over X is elliptically
exceptional in CohX if and only if £ is either a vector bundle with relatively prime
degree and rank or £ is a skyscraper sheaf.

Our abelian category version of Bondal-Polishchuk’s three-periodic elliptic he-
lices is the same one used in [10]:

Definition 3.5. ([7, Section 7, p. 250]) Let € = (&;)icz be a sequence of elliptically
exceptional objects in C. We say £ is a three-periodic elliptic helix or just an elliptic
heliz if £ is a three-periodic weak helix such that for all i < j we have !(&;,&;) =0
for [ # 0.

Remark 3.6. (1) By the remark following [10, Question 7.1], if £ is an elliptic
helix, then &; is a simple and hence stable bundle for all 7 € Z. Furthermore,
the slopes of these bundles is increasing.

(2) The analogous definition in terms of left mutations recovers the same con-
cept.

(3) Property (3) preceding the definition of weak helix automatically holds for
an elliptic helix [13, Lemma 3].

(4) Any weak helix of stable bundles on an elliptic curve X is automatically an
elliptic helix since the stable bundles must have strictly increasing slope so
1(51‘,(%‘) =0 for e < j.

The significance of this definition is the following result from [7], adapted to our
context ([10, Theorem 5.4]):

Theorem 3.7 ([7]). Let £ be an three-periodic elliptic heliz. Let S"°(E) be the
quadratic part of the endomorphism algebra End(E). Then the following hold:

(1) The algebra S™(E) is 3-periodic, Koszul, has global dimension three, and
is AS-reqular of dimension three and Gorenstein parameter three (in the
sense of [14, Definition 7.1]).

(2) The canonical map S™(E) — End(E) is surjective so in particular, End(E)
s generated in degree one.

3.3. Planar helices. We end this section by giving the definition of planar helix
from [6, Definition p.80], which we will study in detail in Section 4. First, we
need to recall that a coherent sheaf £ on a variety over k is called exceptional if
dim%(&,€) =1 and dim(€,€) = 0 for i > 0.
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Definition 3.8. A sequence £ of exceptional bundles on P? is a planar heliz if it is a
three-periodic weak helix which further satisfies i) the periodicity relation &_3 ~
& ®uwpz and ii) any three consecutive terms &;, &; 11, ;42 is exceptional in the sense
that RHom(E;, &) = 0 whenever ¢ <1< j <i+2.

4. PLANAR HELICES AND THEIR ASSOCIATED Z-ALGEBRAS

In this section, we show that planar helices are ample, have noetherian endo-
morphism rings, and restrict to elliptic helices as defined in Section 3.

Lemma 4.1. Let YV = (V;) be a sequence of non-zero vector bundles on a projective
scheme X such that for any M € Coh(X), we have Exti (V;, M) = 0 for i < 0.
Then Y is ample in Coh(X).

Proof. Projectivity follows from our hypotheses and the long exact sequence in
Ext. We show now there exists a surjection of the form &;V;; — M where the
i; can be made as negative as you like. We pick a closed point z € X and let
K := ker(M — M®k(z)). Pick i < 0 such that Ext’ (V;, ) = 0 so by projectivity,
we may lift any surjection ¢: VI' — M ® k(x) to a morphism ¢: VI — M. Now
¢ is surjective in a neighbourhood of x by Nakayama’s lemma so we are done by
dévissage. O

Lemma 4.2. Let V be a vector bundle on projective scheme X and L an ample
line bundle. Then the pair (V, (=) ®x L) is ample in the sense of [5, (4.2.1)], that
is, (V ®@x L®) is ample.

Proof. By Lemma 4.1, we need only prove projectivity and so consider an exact
sequence of coherent sheaves

0> M 5> M—-M'—0.
Projectivity follows from
Exty(V® LI M) = H (X, V* o M' @ L®) =0
for i > 0. O

Corollary 4.3. Let £ be a planar helix. Then

(1) The Z-algebra End(E) is noetherian,
(2) The canonical map S"(E) — End(E) is an isomorphism,
(3) There are equivalences of categories

projS"™¢(£) = CohP?

and
ProjS™(£) = QcohP?.

Proof. To prove (1), we use Lemma 4.2 to see £ and its dual are ample so (1) now
follows from Proposition 2.3.

Part (2) follows from the fact that End(€) is quadratic by [7, Theorem 4.2]. The
first part of (3) now follows from (2) and the fact that £ is ample for CohP2. To
prove the second part of (3), we note that by (1) and [17, Theorem 8.9], the category
ProjS™¢(£) can be recovered up to equivalence by its full subcategory of noetherian
objects, projS™¢(£), and similarly QcohP? can be recovered up to equivalence by
CohP2. O
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We now show that planar helices restrict to elliptic helices.

Proposition 4.4. Let £ be a planar heliz and X C P? be a smooth cubic. Then
Elx = (&ilx) is an elliptic heliz on X.

Proof. We first show that the restriction map induces isomorphisms (£;_1,&;) =~
(Ei—1lx,&i|x). Consider the exact sequence

We deduce the exact sequence
0— (51_1,57(73)) — (51_1,51') — (Si—lagi|X) — 1(571—1761'(*3))'

The desired isomorphism follows from the fact that & (—3) ~ &;_3 and the fact that
{(2;3, 51‘,2, 81;1} is exceptional.
Now Rg,E;—1 is a bundle so the right mutation sequence

0—=>&_1— *(Si—lagi) ®RE — Rgigi_l —0

restricts to a right mutation sequence on X and similarly for left mutations. It now
follows that £|x is also a weak helix.

Applying R Hom(&;, —) to (4-1) similarly shows that End &;|x = k. Remark 3.6(4)
completes the proof. O

5. ON THE NUMERICS OF THREE-PERIODIC ELLIPTIC HELICES

We now investigate the numerical properties of three-periodic elliptic helices £
on an elliptic curve X. A key invariant is a triple A recording the dimensions of
End £ in degree one. In this section, we analyse the numerics of helices to show
only “Markov” triples A can give rise to indexed algebras of polynomial growth.
We enlarge our scope in this section to include objects in D?(X), as many of the
computations work in this context.

We have an isomorphism (deg,rk): Ko(X) — Z2. For objects E, E' € D*(X)
we let [E], [E’] denote their images in Ky(X) and

deg B/ degFE
rkE/ r1kFE

(5-1) X([E], [E]) = x(E, E') := x(R Hom(E, E')) =

Let Ep, F1, By € D*(X) and consider the right mutation E} := Rg, Ey (defined in
terms of exact triangles, see [7, Proposition 7.1]) which has
(B3] = x(Eo, E1)[Ex] — [Eq).
If we write
Ay = x(Es, Ej)
then we have the iterated right mutation E5 := Rp, FY satisfies
[Es] = X(Ey, E2)[Ea] — [E5] = (Ao1Arz — Ag2)[E] — A [En] + [Eol-
Applying x(Fs, —) to both sides we obtain the formulas
(5-2) Aoz = Ag1A12 — Ao, [Es] = [Eo] — Ao1[E1] + Ags[En].

We may repeat the process forwards by mutating F; past Fo and FE3 to define
FE,, and backwards by mutating F5 left past 1 and Fy to get £_; and so on. If
all these objects turn out to be vector bundles, then we obtain an elliptic helix of
period three in CohX as defined in Definition 3.5.
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Definition 5.1. The sequences E = {E,;};cz generated by a seed (Eop, E1, Es) by
mutation as above is said to satisfy the three-helical condition. We call E the
three-heliz in D*(X) generated by the seed.

We abbreviate A;_; ; =: A; and introduce

0 1 0
L =A; Ajie
so (5-2) gives
[Ei—1] [Ei]
(5-3) Ai | [B:] | = | [Eit]
[Ei1] [Eisa]

We let A .= A3A2A1.
The following is [10, Corollary 7.11] which is easily reproved with our current
notation.

Proposition 5.2. We have A;13 = A; for all i and hence A5 = A;.
Proof. Applying x(E1,—) to (5-2) now gives
—A1 + AgAz = Az = ANz — Ay

SO A4 = Al. O
The following is elementary using the 3-periodicity of the A;’s.
JAVER]
Proposition 5.3. det(A;) =1 and A; cyclically permutes the coordinates of | Ai+
A
Ay
for any i. In particular A := A3As Ay has determinant 1 and eigenvector | As
Ay

with eigenvalue 1.

As one can check by explicit calculation, we have
1 —Aq Az
(5-4) A= Ay 1— A2 A1As — Ay
A1Ay — Az AjA3+ Ax(1—A3) Ax(A1Az — Ag) +1— A2

This shows the other eigenvalues of A are
(5-5)
1

Ay = 5 (2+A1A2A3—(A%+A§+A§)i\/(2 + A1 AA3 — (A2 4+ A2+ A3))2 — 4).

Proposition 5.4. The eigenvalues of A have modulus 1 iff
AT+ AS+ A - A1 AA3=0,1,2,3 or 4.

In this case the eigenvalues are 1 and (a) 1,1 (b) e™7/3 (¢) £i (d) /3 (e)
—1, —1 respectively.

Proof. The sum of the remaining two eigenvalues of A has to have magnitude < 2
since Ay + A_ = 2cos 0 for some 6 € R, which gives the 5 possibilities above. [
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Calculating directly with the explicit form of A given in (5-4) also gives the
following.

- A
Lemma 5.5. Suppose V := <A3A21A2 > Then

Ay
(1) VI(A—1)=0, and
(2) if Ay #0, thentk(A—1I) =2.

We will be interested in the case where £ = (&;);ez is an elliptic helix. In this case
End(€) is a positively Z-indexed algebra and for ¢ < j we have dim Hom(&;, €;) =
X(&i, E;). We are interested in the Hilbert series of End(€) and hence introduce the
following

Definition 5.6. An ellitpic helix £ is said to have polynomial growth if there is a
poylynomial p(n) such that for all i < j, we have x(&;,&;) < p(j —i). If on the
other hand, for any 7 we have mn%mx(&,gﬁn)l/" > 1, then we will say that £
has exponential growth.

Consider now an elliptic helix £, We will study the “Markov” case where
A? + A3 + A2 = AjAzA3, that is, all eigenvalues of A are 1, in detail later.
Suppose now that this is not the case and furthermore that we are not in case
(e) of Proposition 5.4. Then, the fact that Ay \_ = 1 ensures the eigenvalues
1, A4, A_ are all distinct. Fix ¢ = 0,1 or 2. Then eigenvalue theory gives constants

61) 6+7 677 P1; P+ p*SU-Ch that
(5-6) <deg(&-+3n)> _ <51 AT, + xus)
1k(Eiy3n) p1+Aipy + A p
Proposition 5.7. Let £ be an elliptic helix. Then either £ has exponential growth

or we must be in the Markov case where A3 + A2 + A2 = A1 AyA3 in which case
& has polynomial growth.

Proof. Suppose first that A is diagonalisable so we can use Equation (5-6) above.
Let j € {0,1,2} and d; = deg(&;),r; = rk(&;). Then
_ 01 dj | yn |0+ dj
(5'7> X(gj>gj+3n) - Py + )\Jr py T
Now Xx(&;,Ej+3n) > 0 for n > 0 and x(&;,Ej43n) < 0 for n < 0. This forces
the second and third determinants above to be non-zero. If A4 are real and not
+1, then we have exponential growth since we may assume Ay > 1. Otherwise,
by Proposition 5.4, Ay are roots of unity so x(&;,&;+3,) is periodic in n and we
cannot have x(&;,&j43,) > 0 for n > 0 and x(&;,Ej13,) < 0 for n < 0.
Now suppose that A is not diagonalisable. Assuming we are not in the Markov
case, then -1 must be an eigenvalue corresponding to a 2 x 2 Jordan block for A.

Repeating the above analysis we find this time that there are three determinants
Dy, D_q, D" | such that

X(&j,Ej3n) = D1+ (=1)"D_y + (-1)" " 'nD’ .

Once again, it is not possible that x(&;,&j43,) always has the same sign as n.
Finally, suppose we are in the Markov case so A only has 1 as its sole eigenvalue.
Using the appropriate Jordan canonical form for A, we find scalars D, D’, D" such
that x(&;,Ej+3n) = D+nD'+n?D" so we are done. (In fact D" must also be zero
so the growth is linear). O

5. d;

p— T

+ A"
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6. HILBERT SERIES OF REGULAR ALGEBRAS ASSOCIATED TO ELLIPTIC HELICES

In this section, we continue our study of an elliptic helix £ on an elliptic curve
X and use the notation in Section 5. We will compute the Hilbert series of the
algebras End £ and its quadratic cover S = S"¢(£). The method here differs from
the direct ad hoc calculation for the “equigenerated” case of elliptic helices in [10,
Section 8]. The method also gives a nice explanation of the relationship between
the two Hilbert series since they are both computed from the corresponding helices.

We work with relative Hilbert series as defined in [10, Definition 8.4], the relevant
ones of which are the following.

(6-1) Hs 5 (t) = Y ez dimy (e, S™(E)en i)t
(6-2) Hen(t) =3, dimHomx (£ i, E )t
The latter is the Hilbert series for End(£). We will employ the same method for

computing both of these and start with Hg ,, first.
We re-write the exact sequence (3-1) induced by the helical condition as

(6-3) 0 E g P22 5% e 0.

—n—2
Bilinearity of the Euler form gives
(6-4)
X(E—n—iy g—n)*A—n X(E—n—i; S—n—l)+A—n—2 X(g—n—ia g—n—2)7X(5—n—i; g—n—?)) =0
which suggests the following result.
Lemma 6.1. Hg ,(t)—A_ptHe i1 () + Ay ot?He yio(t) —t3Hg pys(t) = 1—13.

Proof. We just compare coefficients of ¢ on both sides. If i > 3, then all the y
terms in (6-4) are given by dimensions of Hom spaces and hence, coeflicients of
the relative Hilbert series on the left hand side. Thus (6-4) immediately shows the
power series on the left is a polynomial of degree < 3. The constant term on the
left is also clearly 1 whilst the coefficient of ¢ is

dim(E_y—1,&—pn) — A_pdim(E_,,—1,E—1) = 0.
For the coefficients of ¢2,#3, it is easier to “correct” (6-4) with Ext computations.
The co-efficient of ¢? is by Serre duality
A, o dimExt'(E_, 9,& o) —dimExt (£, 9, , 3) =0
and that of t3 is — dim Extl(é',n,g,g,n,g) =—1. ]

In the “equigenerated” elliptic helices of [10, Section 8] there was a single Hilbert
series whereas here, we have three as per the following.

Proposition 6.2. We have Hg n43(t) = He ().

Proof. We prove 3-periodicity simultaneously for all n by induction on the degree
of the coefficients. The coefficients of negative degree are all zero. For non-negative
degrees, Lemma 6.1 expresses any term of Hg ,,(t) in terms of the A,,, which are
3-periodic in n by Proposition 5.2, and lower order terms in other Hg ,,,(t) which,
by induction are also 3-periodic. (]

Theorem 6.3. Let
1—t3 —Asgt  Aqt?
(6-5) D(t):= | Ast? 1—t3 —Aot
—Ait A2 113
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Then

Hs,o(t) 1 He o(t) 1 (1
(6-6) Hs 1(t) 1 Heq(t) | = 50

Hs 5(t) 1 He (1) 1
Furthermore, Hs p+3(t) = Hs ,(t) for all n.

Proof. The Hilbert series for End(€) is just a re-statement of Lemma 6.1 taking into
account the 3-periodicity of Proposition 6.2. To obtain the Hilbert series for S*¢(£)
we use the Koszul resolution guaranteed by Bondal-Polshchuk’s Theorem 3.7. Ab-
breviating S for S"¢(£), this is

(6-7) 0= enS = €,11S%24 "2 5 €, 982" 5 €,13S = Spiznz — 0.

Taking alternating sums of dimensions in degree n + j gives the following analogue
of Lemma 6.1:

HS,n(t) - AfntHS,nqu(t) + A7n72t2HS,n+2(t) - t3HS,n+3(t) =1.

Now 3-periodicity of Hs,,(t) follows as before as does the formula for the Hilbert
series. O

We do not know if in general, noetherian Z-algebras have “sub-exponential”
growth as is the case for graded algebras by [20]. However, in our case we do have
the following.

Proposition 6.4. Let £ be such that End(E) is right noetherian. Then & has
polynomial growth and we are in the Markov case.

Proof. By Proposition 5.7, it suffices to assume £ has exponential growth and
construct a non-finitely generated submodule of egB where B := End(£). We
can use Stephenson-Zhang’s argument [20, Theorem 1.2] as follows. From (5-7) in
the proof of Proposition 5.7, we see that d,, := dim egBes,, grows exponentially so
by [20, Lemma 1.1.3], there is a sequence l; < Iy < ... such that

(6-8) di, > di,

1<s
for all s € N. We show that one can find, inductively on s, elements z, € By 3;, such
that x5 ¢ ©1B+...4x5_1B. By the 3-periodicity of Hilbert series in Proposition 6.2,
we know that dimy z;Bes;, < dimy, es;, Bes;, = dj,—;,. Thus our desired z; exists
by (6-8). O

As in Artin-Tate-van den Bergh’s classic study [3] of regular graded algebras of
dimension three, the relationship between the Hilbert series is a manifestation of
the fact that we have an embedding of a noncommutative elliptic curve as a cubic
in a noncommutative projective plane.

Corollary 6.5. Let £ be an elliptic helix and let w : S™(E£) — End(E) denote the
canonical surjection. Then ker 7 is generated by a normal family of reqular elements
of degree three.

Proof. This is a generalisation of [10, Theorem 8.7] to the not necessarily equigen-
erated case. In fact, the proof there carries over verbatim once we realise that the
equigeneration hypothesis was only used to ensure Hg ,,(t) = (1 — t*)Hs ,(¢). This
latter is just Theorem 6.3.
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7. CONSTRUCTING SEEDS WITH GIVEN A;’S: THE MARKOV CASE

We wish to construct all elliptic helices £ on an elliptic curve X with polynomial
growth. Towards this end, in this section, we construct seeds with given invariants
A;, in the Markov case.

We will utilize numerous properties of Markov triples, which we briefly review
now. We will often use the fact that Markov triples are relatively prime [1, Corollary
3.4]. Another result that will be useful to us is that Markov triples can be mutated
to form new triples [1, Section 3.1]: if (m1, me, ms) is a Markov triple, then so are

(7-1)  (3mamsz — my, ma, m3), (M1, 3myms — mg,ms), (M1, mz, 3mims — ms).

Lemma 7.1. If m is a Markov number (i.e. a component of a Markov triple), then
m isn’t divisible by three.

Proof. We know from [8, Lemma 5, p. 28] that any Markov triple can be obtained
from the Markov triple (1, 1,1) by a sequence of Markov mutations. However, from
the formula (7-1), we see that modulo 3, such a mutation only changes the sign of
one of the components. [

We now fix a triple of positive integers A1, As, As which satisfies the “Markov”
condition A? + A2 + A2 = A; Az Az from (1-2). Note then that Aj, Ay, Az are all
multiples of 3 and so dividing by 3 we get one of the usual Markov triples. We now
ask the converse question, when and how can we construct a seed [E;] = (d;,r;) €
Ko(X) = 7?2 for i = 0,1,2 such that x(E;_1, E;) = A; for i = 1,2,3 where Ej is
the double right mutation of Ej defined in Section 5. We also want the seed to
generate an elliptic helix £ of bundles on X, so in particular, we insist that the
ranks r; of the E; are positive integers. In this section, we give a complete answer.

do o
If we write d = [ dy |, and 7= | r1 |, then (5-2) gives the following
da T2

Proposition 7.2. With the above notation, we have x(E;_1, E;) = A; fori=1,2,3
if and only if
- AQ
(7-2) dx7=—|—Ap
Ay
where Ags = A1y — Ag.

Note that A = (Ao, Az, A1) = (Ag, A1Ag — As, Aq) is a type of Markov muta-
tion at the middle coordinate by (7-1).

Now, let A be the matrix defined in Proposition 5.3 so the ranks of the helix
components E; are given by A"r,n € Z.

Proposition 7.3. Suppose that the seed given by J;F satisfies Equation (7-2) and
A" consists of positive integers for all n. Then

Ay
(7-3) A:=|As| =3F or¥
Ay

In the former case, 7 is a Markov triple, that is,

(7-4) rg + 7“% + r% = 3rorira,
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Furthermore, we have
(7-5) A'd = d + 3nA.

Proof. From Proposition 5.4 we know A has eigenvalue 1 with multiplicity 3. Fur-
thermore, by Lemma 5.5(2), ker(A — I) = QA so A must consist of a single

Jordan block. Thus ker(A — I)? = im(A — I) is 2-dimensional. We now claim

- - A
ker(A — I)? = V+ where V = (AS—AAQIAZ’ ) To prove the claim, we observe that

1
since v € ker(A—1)% = im(A—1I) implies v = (A—I)w, V-v = 0 by Lemma 5.5(1).
Thus for Equation (7-2) to hold, we must have 7 € ker(A — I)?, and hence in
im(A — I) so A7 = 7+ aA for some a € Q. But then A"7 = 7+ naA which
must have negative entries for some n unless @« = 0. We have thus shown that
7 € ker(A — I) = QA. Now the greatest common divisor of all the coordinates of
Vv is 3, so either ¥ = A or %5

0
Prompted by the first column of (5-4), we let § = Aiz Ay . A direct
A1Ay — Az

computation shows that Sxi=-Vsod=45+ 6& for some 8 € Q. It follows by
direct computation that

(A-I)d=(A—-1)§ =3A
giving (7-5). O

Remark 7.4. Recall from Proposition 5.3 that if Equation (7-3) holds, then A7 =7
so positivity of ranks is guaranteed.

Consider the Markov triple g = (po, p1,p2)T = %5 We define three “signed
Markov” mutations as follows. For any vector @ = (vg,v1,v2)T € Q3, let

Vo + 3v1v2 Vo Yo
1o (V) = vy o m(U) = [v1—3vev2 |, p2(V) = vy :
Vo (%] Vg + 3’001)1

Recall that the absolute values of the coordinates of 1 (p) are Markov triple since
p is. The choice of signs means that the Markov equation (7-4) gives the conditions

(7-6) P Lpa(p) =, pa(P) L po(pa(p)) =: o,  pa(p) L pa(pa(p)) =: fiz
We now consider the two cases in Proposition 7.3 separately:
(1) Case 1: 7= p. We solve Equation (7-2) for d which now becomes
(7-7) d % p=—3ji,
Any solution cZ: if it exists, is unique up to an additive multiple of 7. Also,

d must be orthogonal to ji; so natural choices are linear combinations of
o, fi2. One computes

(7-8) fio X = =3r3fir, fiz X p=—3r3u(p)
(2) Case 2: 7= 3p. A similar analysis as in Case 1 yields
(7-9) d'x = —ji
and

(7-10) flo X p==3p3i1, fia X j=—3pgu1(p)
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Recall that the coordinates of a Markov triple are relatively prime. Thus we
have the following

Theorem 7.5. Let ¥ € N3 be a Markov triple and set A = (Ag, A3, Ay) =
3(ro,r1,72). Then one can find degrees d € Z3 such that the seed in Ko(X) de-
fined by J; 7 has determinants given by A. In fact, given any integers a,b such that
ard +brs = 1 we have the solution d = ajiy + bily and all other solutions can be
obtained from this by adding appropriate multiples of 7.

Proof. It remains only to check ged(d;, r;) = 1. But any non-trivial common divisor

—

of d;, r; would also divide two of the components of i1 (A). This contradicts the fact

—

that the absolute values of the components of 1 (A) are again a Markov triple. O
It remains only to eliminate the possibility 7= 3p.

Theorem 7.6. Let (Ey, E1, E3) be a seed that generates an elliptic heliz £ on X
with polynomial growth. Then

(rk Eg,tk By, vk Eo) =: 7
is a Markov triple and A =37,

Proof. We know from Proposition 5.7 that A = 37 for some Markov triple g.
Furthermore, Proposition 7.3 reduces the possibilities to ¥ = p' or 3p. We seek a
contradiction to the latter case by and so assume ¥ = 3p. We solve now (7-9). Since
o, [i2 are linearly independent, as one can check by explicit computation, we can
find integers by, ba, m such that d= %ﬁo + %/jg. We may of course, assume that m
is as small a positive integer as possible. From the computations in Equation (7-10),
this reduces to

(7-11) m = 3(bop + b2pp)
so in particular, m is divisible by 3. Writing pg2 for p1 — 3pop2 we have
Po po + 3pozp2 Po
(7-12) fi=\{poz), o= P02 ;2= P02
P2 P2 p2 + 3po2po

We now use integrality of the coordinates of d. From the middle coordinate, we
know that (bg + ba2)po2 € mZ. Now —pgs is a Markov number so cannot be divisible
by 3 by Lemma 7.1. Thus 3|by + bs.
Now
do = (bo + bz)po + 3bgp2poz = 0 mod 3.

This contradicts stability of & since 3|rg too. [l

8. ELLIPTIC HELICES OF MARKOV TYPE ARE AMPLE

The goal of this section is to show that three-periodic elliptic helices on X with
polynomial growth are ample. As a consequence, we prove, in Corollary 8.2, that
endomorphism algebras and their quadratic covers are noetherian. In what follows,
we refer to such helices as elliptic helices of Markov type.

Proposition 8.1. Suppose £ = (&;)icz is an elliptic helix of Markov type. Let
d; = deg&;, let r; = rank &;, and suppose p; = d;/r;. Then lim, o p, = —00,
and & is ample for CohX.
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Proof. We continue the notation from Section 7. From Proposition 7.3 we know
that 7is also a 1-eigenvector for A so r,, is 3-periodic in n and in particular bounded.
Also Proposition 7.3 (7-5) shows that d,, = —oo0 as n — —00 s0 lim,,, oo ftn, = —00.
We now use the ampleness criterion of Lemma 4.1 and so consider M € CohX and
show Extk(&, M) =0 for i < 0. Filtering M, we may assume by induction that
M is a simple sheaf with slope . Then by Serre duality we have

Ext% (&, M) ~ Homx (M, &)* =0
as soon as the slope of &; drops below pu. [l

Corollary 8.2. If £ is an elliptic helix of Markov type, then End(E) and S™¢(E)
are noetherian.

Proof. For the first assertion, it remains to check the left noetherian condition,
and this will follow from Proposition 2.3 provided we can prove the dual helix is
ample. By Proposition 8.1, it thus suffices to show the dual helix is an elliptic helix
of Markov type. Since every triple of components of the dual helix has ranks a
Markov triple, this is clear in light of the proof of [10, Theorem 7.23].

The fact that S™¢(£) is right noetherian follows immediately from Corollary 6.5
and Proposition 2.4. To prove it is left noetherian, it suffices to prove that the
opposite algebra is right noetherian. However, we know the opposite algebra of
End(€) is right noetherian by the first part of the proof. Thus, the result holds by
considering the short exact sequence from Corollary 6.5 applied to opposite algebras
and again invoking Proposition 2.4. ([

Let £ be an elliptic helix of Markov type and d;, r; denote the degree and rank
of & as usual. Here we give a more direct computation of the Hilbert series of
End(£). Let i,j € {0,1,2} and m € N. From Proposition 7.3 (7-5) we have
diry3m = div + 3mAy_1. Now (5-7) and the fact that 3r; = A;_; shows for
j' < + 3m that

dir +3mA;_q dj/

dimk Hom(é'j/, gi’+3m) =
T Ty

=xX(&j, E) +FmAy 1Ay 1

9. MUTATING ELLIPTIC HELICES

Given an elliptic helix £ on a elliptic curve X, we construct a new elliptic helix
by mutating every third bundle. We show that in the Markov case, the triple of
ranks of bundles changes correspondingly by a Markov mutation.

Proposition 9.1. Let £ be an elliptic heliz of bundles on X .

(1) Right (or left) mutating every third bundle yields another elliptic heliz £
so in particular, the following is an elliptic helix

(9-1) 61, Re £9,82,84, Re, E3,E5, . ..

(2) Suppose we are in the Markov case of Theorem 7.6 so in particular, the
rank triple of the seed ¥ := (rg = tk&y,r1 = rk&,ry = 1k &) is a Markov
triple. Then the seed of (9-1) has rank triple (r1,3rar; — 19, 72)

Proof. Note first that shifting the indices of an elliptic helix by an additive constant
yields another elliptic helix, so part (1) will be proved if we can show that the
collection of stable bundles in (9-1) is an elliptic helix. First note that stable
bundles £ on X are spherical objects in the sense of [11, Definition 8.1] so the
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right and left mutations Rg, Lg extend to inverse auto-equivalences of D?(X), by
[11, Proposition 8.6]. Denoting these extensions also by Re, Le, [11, Lemma 8.21]
readily gives the following useful formulae for stable bundles &, F:

(9-2) R]:ORL]_.g :RgOR]:, R]:ORg :RR]_.gOR]:.

We first show that doubly right mutating the é-th bundle &/ in (9-1) gives the i+ 3-
rd bundle &/ 5. By symmetry, it suffices to do this for i = 0,1,2. Since £ is an
elliptic helix we have
Re, Re, (Rgl 60) = R5453

as desired. Using (9-2) we find

Rpe, &5 Re &2 = Re, Re,Ea = Es.
Finally, note that since £ is an elliptic helix, Rg, & = Lg,E3 hence

Re,Ric 6,61 = ReyRe, &1 = &4

proving part (1).
For part (2), just note that

TkRglg():AlT’l —7"0:37"27‘1 —T70.

O

Definition 9.2. We say that two elliptic helices £, &’ are mutations of each other if
they can be gotten from each other by a series of alterations of the form given in
(1) of Proposition 9.2.

Corollary 9.3. Any elliptic heliz £ which is of Markov type, that is, as described
in Theorem 7.6, is a mutation of an elliptic helix consisting of line bundles. Thus,
ProjS™c(€) is equivalent to an elliptic quantum plane.

Proof. Note that there are three possible ways you can mutate every third bundle
in £, and by Proposition 9.1 (2), they correspond to the three possible mutations of
the Markov triple of ranks. Since we can always find a sequence of these mutations
of Markov triples to reduce to the triple (1,1,1) by [8, Lemma 5, p. 28] we are
done with a proof of the first statement.

For the second statement, it suffices to show that noncommutative symmetric
algebras of mutated elliptic helices of Markov type (i.e. quadratic covers of the
associated endomorphism algebras) are Proj-equivalent. To this end, first note
that if A is a Z-algebra and 7 € Z, then the shifted Z-algebra A(i) defined by
A(t)jx = Ajtikt+i has an equivalent graded module category (the equivalence is
shifting of modules by i). Suppose £ is an elliptic helix of Markov type and &£’
is the elliptic helix (9-1). Let S and S’ denote the corresponding noncommutative
symmetric algebras. Then, for appropriate ¢, S(7) and S’(7) have equal 3-Veroneses.
Since both are right noetherian by Corollary 8.2, they are Proj-equivalent by [18,
Lemma 3.5]. O

10. CONSTRUCTING ELLIPTIC HELICES £ WITH NON-NOETHERIAN End(€)

In [10, Theorem 8.1], we constructed a single family of elliptic helices £ whose
endomorphism ring was non-noetherian. It happens to be equigenerated which
made the analysis amenable to the simpler methods used there. In this section,
we wish to construct more examples with End(€) non-noetherian including some
which are not equigenerated.
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The key question is, when does a seed (Ey, E1, E2) generate an elliptic helix.
The question is purely numerical, so we start with the corresponding numerical
seed ([El, [E1), [Ea]) = (). (72). (72))-

Recall Equation (5-3) determines all the d;,r; in terms of the numerical seed
and the A;. The numerical seed generates an elliptic helix if all the r;, 7 > 0 by
[10, Theorem 7.14]. Our approach to a necessary criterion to guarantee this is that
Equation (5-6) ensures that r;3, is either a monotonic function of n or is concave
up. We will look for seeds which give a concave up function r,, with a minimum at
n=1.

Proposition 10.1. Suppose a numerical seed with ro,T9 > 71 generates a sequence
r; which is increasing for i > 1, decreasing for i < 1 and such that ri,r5 > 0. Then
the seed generates an elliptic helix.

Proof. Note first all r; > 0. Now r; is increasing for ¢ > 1 so
7"£+2 = Ai+1’f’i+1 —r; > 0
and a similar argument shows that r; >0 for all j <0. (]

We wish to reduce checking piecewise monotonicity of r; to some finite condition
as follows.

Proposition 10.2. Suppose the numerical seed has ro,ro > r1 and rj,ry > 0.
Suppose there exists a real number | > 1 such that

A
(10-1) A; — Tj > 1, for all distinct i, j.
If :—‘;, :—f > [ then the seed generates an elliptic heliz.

Proof. We first show by induction that ““* > [ for i > 1. Note Equation (5-3)
gives for i > 0
JAVES]

Ti+1
HLLA > A -
Ti42 Ti42 Tit+2

A similar argument shows r; is descending for i« < 1 so Proposition 10.1 applies. [

Ti+3 T
— = — A

> 1.

The approach suggests a natural starting point to look for seeds generating
elliptic helices is to try 71 = 1 in which case L; is a line bundle which we may as
well normalise to be O.

Example 10.3. Here we seek equigenerated examples, that is, where A; = A for
all i. We thus start with the numerical seed ((;OA), ((1)), (TAZ)) so A = Ay = A
From (5-2), we also want

A(To—i—’l‘g)ZAOQZAZ—A®A=T0+T2+1.

We apply Proposition 10.2 with [ = 2 — & where € > 0 is sufficiently small. Then
(10-1) becomes
2—¢ (2 —¢)?
1—(2—¢)1 1—¢
ase — 0. Notethat , = A —rg=ro+1>0,r;, =A—ry =7r9+1>0. Thus
the numerical seed ((~"° ;;271), ((1)), (”’JFTT;H)) generates an elliptic helix whenever

ro,72 > 2 and ged(rg + 1o + 1,7;) = 1 for ¢ = 0,2. Note that these examples are
distinct from those constructed in [10].
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We can generalise this to non-equigenerated examples as follows. Consider the

numerical seed ((_m;o”_“), ((1)), (T°+:22+a)) for some a € Z>1 50 Ay = Ay = ro+r2+

a but now Ag = a(rg+7r2+a). Picking I = a+ 1 —¢ in Proposition 10.1, the above
analysis shows we obtain an elliptic helix whenever 7o, o > a+1, ro+r2 > a?+a+1
and, of course ged(rg + 72 +a,r;) =1 for i =0, 2.

Example 10.4. Consider the numerical seed ((_d‘i_a“;l), ((1)), (f)) where a,d,r € N
are chosen so that ged(d +a+ 1,d+a —1r) =1 = ged(d,r). Clearly we must
have d+a—7r > 0. Note Ag =d—(a+1)r,A1 =d+a+1,Ay = d. To apply
Proposition 10.2 we first need

Ti:AQTl—TQZd—T>O, Té:AlTl—T0:T+1>O.

We also need to impose the condition (10-1) for some I. Picking [ = 2, the set of
inequalities amount to the strictest one

j d 1

i 2 2

which is equivalent to the condition d > (a+ 1)(2r + 1) + 4. Finally, we impose the
condition min{d + a — r,7} > 2. When these hold, we obtain an elliptic helix.

These examples suggests that elliptic helices are relatively plentiful, but finding
them is not so easy, let alone giving a complete classification.

REFERENCES

[1] M. Aigner, Markov’s theorem and 100 years of the uniqueness conjecture, Springer, Cham,
2013.

[2] M. Artin, Some problems on three-dimensional graded domains, Representation theory and
algebraic geometry, 1-19, London Math. Soc. Lecture Note Ser., Cambridge Univ. Press,
Cambridge, 1997.

[3] M. Artin, J. Tate and M. Van den Bergh, Some algebras associated to automorphisms of
elliptic curves, Progr. Math., 86, Birkhauser Boston, Inc., Boston, (1990), 35-85.

[4] M. Artin and J. J. Zhang, Abstract Hilbert schemes, Algebr. Represent. Theory 4 (2001),
305-394.

[5] M. Artin and J. J. Zhang, Noncommutative projective schemes, Adv. Math. 109 (1994), no.
2, 228-287.

[6] A. Bondal, Helices, representations of quivers, and Koszul algebras, Helices and vector bun-
dles, 75-95, London Math. Soc. Lecture Note Ser., 148, Cambridge Univ. Press, Cambridge,
1990.

[7] A. Bondal and A. Polishchuk, Homological properties of associative algebras: the method of
helices, Izv. Ross. Akad. Nauk Ser. Mat., 57 (1993), no. 2, 3-50.

[8] J. W. S. Cassels, An introduction to Diophantine approzimation, Cambridge Tracts in Math-
ematics and Mathematical Physics, No. 45, Cambridge University Press, New York, 1957.

[9] D. Chan and A. Nyman, Morphisms to noncommutative projective lines, Proc. Amer. Math.
Soc., 149 (2021), 2789-2803.

[10] D. Chan and A. Nyman, Noncommutative linear systems and noncommutative elliptic curves,
Trans. Amer. Math. Soc. 377 (2024), no. 3, 1957-1987.

[11] D. Huybrechts, Fourier-Mukai transforms in algebraic geometry, Oxford Math. Monogr., The
Clarendon Press, Oxford University Press, Oxford, 2006.

[12] A. L. Gorodentsev and A.N. Rudakov, Exceptional vector bundles on projective spaces, Duke
Math J. 54 (1987), no. 1, 115-130.

[13] S. A. Kuleshov, Construction of bundles on an elliptic curve, Helices and vector bundles,
7-22, London Math. Soc. Lecture Note Ser., 148, Cambridge Univ. Press, Cambridge, 1990.

[14] I. Mori and A. Nyman, A categorical characterization of noncommutative projective Z-spaces,
Appl. Categ. Structures 33 (2025), no. 2, Paper No. 14, 46 pp.



THREE-PERIODIC HELICES ON ELLIPTIC CURVES 21

[15] I. Mori and A. Nyman, Local duality for connected Z-algebras, J. Pure Appl. Algebra 225
(2021), Paper No. 106676, 22 pp.

[16] A. Polishchuk, Noncommutative proj and coherent algebras, Math. Res. Lett., 12 (2005), no.
1, 63-74.

[17] Abelian categories with applications to rings and modules, London Math. Soc. Monogr., 3,
Academic Press, London-New York, (1973).

[18] M. Van den Bergh, Noncommutative quadrics, Int. Math. Res. Not., IMRN, (2011), no. 17,
3983-4026.

[19] LT Volcsey and M. Van den Bergh, On an analogue of the Markov equation for exceptional
collections of length 4. arXiv:1607.04246 [math.AG].

[20] Darin R. Stephenson and James J.Zhang, Growth of graded Noetherian rings, Proc. Amer.
Math. Soc., 125 (1997), no. 6, 1593-1605.

UNIVERSITY OF NEW SOUTH WALES
Email address: danielc@unsw.edu.au

WESTERN WASHINGTON UNIVERSITY
Email address: adam.nyman@wwu.edu



